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ABSTRACT

This study developed a mathematical model of the multiphase filtration process in a porous medium,
accounting for medium and phase compressibility. The problem was solved numerically using the '"large
particle' method, and the resulting pressure, velocity, porosity, and permeability values were analyzed.
The results indicated that during the filtration process with high compressibility, porosity and
permeability, a decrease in the bottom-hole zone occurred as reservoir pressure also decreased. This
reduction slowed the pressure drop and prevented the filtration process from reaching the far zones of the
medium. Consequently, although porosity and permeability were decreased in the bottom-hole zone, their
changes were minimal in regions far from the well. The results were validated by comparing the average
pressures with those from a previous study, showing good agreement.
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I.  INTRODUCTION

Mathematical modeling of multiphase filtration processes,
such as the multiphase filtration of salt water and gas through a
saline medium, is one of the most complicated research fields
as it requires separate equations for each phase and accounting
for the interactions among them [1]. Saline media are suitable
for nuclear waste containment because of their low
permeability, self-sealing of natural defects, easiness of
excavation and massive formation [2]. Using the numerical
simulation of the steam-liquid multiphase process, various
cleaning scenarios are investigated. For example, a two-phase
flow was mathematically modeled considering the phase
compressibility [1]. Lift forces were added to the conservation
equations written in Baer-Nunziato form [3, 4]. To numerically
analyze the process of compressible two-phase fluid filtration,
a modified adaptive method of minimum amendments method
was utilized in [5]. Additionally, an experimental investigation
was carried out to measure the velocity of multiphase flow in
pipes utilizing the Electrical Capacitance Tomography [6]. In
[7], a flow of gas mixture and unitary fuel particle phases was
numerically studied by examining the effects of the diameter of
the pipeline and nonhomogeneous distribution of the
concentration of particles on spreading detonation waves in gas
suspensions.

During the filtration or mass transfer processes, most of the
porous media are prone to deformation [8]. Therefore,
accounting for medium deformation is important to effectively
model the real filtration and transport processes in a porous
medium. In [9], the process of fluid filtration from a point
source into an isotropic and linearly elastic porous layer was
mathematically modeled and analytically solved. Similarly, the
process of fluid filtration to horizontal wells in a porous
medium was studied in [10], with the medium considered as
deformable and transversely isotropic. The stress-strain state of
the anisotropic medium and the effect of filtration coefficient
on the production of the horizontal well were also investigated.
Authors in [11], researched both experimentally and
theoretically the effect of viscous drag impartation on the solid
during the fluid filtration in a compressible porous medium.

Authors in [12], modeled a viscous compressible fluid
filtering through a deformable medium with predominantly
viscous properties, incorporating fluid compressibility and
gravitational effects. In [13], a dispersion-diffusion of two
miscible incompressible fluids in a deformable porous medium
was studied including fluid-fluid interactions. The effect of
medium compressibility on flow velocities and medium
properties was examined, and the solution was obtained
through the finite element method based on the quasi-
compressibility approach.

In order to solve the fluid filtration problems in deformable
media many approaches have been proposed. In [14], an
analytical solution was obtained by solving the problem of
airflow in a human lung medium. Moreover, a model was
developed and solved to simulate subcutaneous injections and
subterranean soil flows [9]. To reduce a system of equations for

the two-dimensional incompressible fluid model, Lagrange
transforms and the method of Runge-Kutta were applied [15].
The Finite difference method was utilized to solve the problem
of fluid filtration in a deformable rock layer [8], and multiphase
multicomponent flow of a fluid in incompressible porous
medium. Numerical analysis of the multiphase filtration
process in incompressible porous medium was conducted using
modified adaptive minimum amendments methods [6], the
"black oil" model [16], the "large particle" method [7], and
finite volume shock-capturing techniques [1]. When medium
deformation was included, multiphase filtration processes were
numerically studied using the finite element method [13, 17]
and element-free Galerkin method [18]. In [19], the "large
particle" method was extended to analyze the model
incompressible multiphase filtration by considering medium
deformation.

In this paper, the process of multiphase filtration in a
compressible porous medium considering phase
compressibility is numerically investigated using the method of
"large particle".

II. PROBLEM STATEMENT AND MATHEMATICAL
MODEL

A section of an oil reservoir with a single production well
was considered. Due to the difference in reservoir and well
pressures, the filtration process occurred in the medium. Oil
and water phases were assumed to participate in the filtration
process. It was also assumed that the phases are immiscible, do
not exchange mass, do not change phases, and capillary forces
are neglected. The bottom-hole zone was considered symmetric
with respect to the well. For this reason, a one-dimensional
model was constructed instead of a three-dimensional one.

The equations of the one-dimensional mathematical model
are:

e Mass conservation for the oil phase:

g(mpasa)+§(pouo)=0 (1)

e Mass conservation for the water phase:

g( ,owsw)+%(pwuw):o 2)
e Dependency of porosity:

m=my+pB,(p-p,) A3)
e Dependencies of phase densities:

P, =(p,),[1+B,(p—py)l )

pu=(p), 1+ B, (P~ Py )

e Phase velocities from Darcy’s law:
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Kk, op Kk, op ©) and the boundary conditions are:
uo == A uw =T N N
H, Ox u, Ox p(1,0)=p", p(.L)=p", p <p,: (16)

e Dependency of absolute permeability:

K=K, (ﬂ] ; ()
m

Since the sum phase saturations equals to 1:

s,+s,=1. (8)

where x4, and u,, are taken as constants.

The relative permeability functions are given by:

[ 15, ] s >

k=415, ) v ©)
1 S, <S8, p»
(—S“’ ~Sur ], SO>S

k, =4\ 1-s,, v (10)
0 s, <S8, ;.

where s, denotes the residual water saturation.

Rewriting (1) and (2), yields:

ps, 2 mO8) Oom) g (1)
ot ot ox

puo, 2 22n) Ao (12)
ot ot Ox

To derive the piezo-conductivity equation, (11) and (12) are
added:

(poso + pwsw)aa_r:l_‘— m%(poso + pwsw)

+£(pouo + pwuw) =0
Ox (13)

Using (3) and (6) we get:

op _
ﬂm(pas() +pwsw) at -

i Kpﬂ kO + prkw a_p (14)
Ox M, M, )Ox

_mg(pﬂs() +pWSW) = 0

The initial conditions are:

p(x’o):po’ m(x’o)zm()’ p{) (x’o):(po)()7
p.(20)=(p,),. K(x.0)=K,. (15)
5,(x.0)=s,,5,(x,0)=s

The parameter sets used in the numerical experiments were
chosen to represent realistic reservoir conditions. In particular,

the initial porosity value m, =0.23 and the initial absolute
permeability K, =10""m’ corresponded to reservoir rocks

that combine relatively high total porosity with limited matrix
permeability. Such porosity-permeability combinations were
reported in [20-22]. This case was included as an end-member
in sensitivity tests to demonstrate how deformation and
pressure depletion can affect both porosity and permeability in

low-transmissibility media. All other parameter values
(densities, viscosities, initial pressures, compressibility
coefficients) were selected within ranges typical for

hydrocarbon reservoirs, as presented in Table I.

TABLE L. TYPICAL FIELD PARAMETER RANGES
Parameter Typical range Comment
Reef carbonates and good
Porosity, m 0.1-0.3 sandstones up to 25-30%;
consolidated/tight sands
Low-transmissibility matrix
Permeability, K 10" -5-10" (0.1-1 mD) to high-quality

reservoirs

Light-to-medium crude

Oil density, p, typical for the region

850-950 kg m*

Water density,

o 1000 kg m* Brine
Oil viscosity, .
2107~ 102 Pa-s Depends on API, used for

H, sensitivity cases

Reservoir 5-30 MPa Typical for depths ~1-3 km

pressure, p

Medium .
compressibility, 109 — 10* pa”! Consolidated sandstones,

5 carbonates

III. SOLUTION ALGORITHM

Equations (1) - (16) were solved using the "large particle"
method. Initially, the following Euler's grid was introduced
[19]:

T
Q, ={t, =t +7, j:O,..,Nt—l;j:F;

L a7
X =X +h,i :O,..,Nx -1 i:_}’
N

x

The environment was modeled as a system of liquid
particles that coincide at a given moment in time with a cell of
the Euler grid. The calculation of each time step was divided
into three stages:

e Stage 1: Neglecting the effects associated with the
displacement of the unit cell, (14) was approximated at time

t:
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B (ps,+p,5, ) p"%p"k
_ hiz{b’_k_l By - Eb’_"_l b ‘j BoAb B } - as)
2 2 2 2
(s, ) = (P, + 28,
-, . ,
where:

k

b :{K[Lk"+%ﬂ (19)

uooom )]

To solve the linear system, (18) was rewritten in the
following form:

AP, —B;p, +Ciﬁ[+l =-F;; (20)
where,
A = ‘ k

i

k 1
B.(p,s,+p,s,), b 2

B =1+

T -
| ﬂm (p{'s” + pwsw ):( h2 ii% H%

r k

= X2 b 1
B (s, +p,s,) h* "3

i

If k=0,then F, = p},

If k=0, then

k k-1
F o=t —m! (o5, + Pus. ), = (pu3, * oS )
B (p,s,+p,s,),

The approximations of the initial and boundary conditions
were given by:

pl=p" m'=m, (p,) =(p,),
() =(p.), K =Ky, (22)
(so)? =s), (s, ?:ss,
po=p"s Py =p (23)

In order to solve (19), Thomas’ algorithm was used [19].
The algorithm coefficients were calculated from:

Ci
. — A
Yy @
+AB
LT PV S v
B, - Aq,
and reservoir pressure was calculated according to:
P =, Pt B (25)

From the boundary conditions, it was determined that:
B, =0, py=p". (26)

e Stage 2: Once the pressure values were obtained, the phase
velocities were calculated using:

- _ (KK} pl-pi
(u!))i+%_ ( j h ’

H, i
27

- (Kk,) PP
e (8] =

/Ll w

a =1,

e Stage 3: Using the equations of state and conservation laws,
phase densities and saturations were updated from:

k+1

m =my+ B, (] = py) (28)

(p,)" =(p,), 11+ B, (.- o)l (29)
(p) " = (P 11+ B, (B = po)] (30)
k+1 1
s ) =—
( w )l (mpw )f+l
(mp,s,). 31
() () = (P (@) |
+ T
h
(s,) " =1=(s,);" (32)
1_ k+1
il i R (SW)Z_(H > SWE,
(ka )i = 1 - SWE (33)
1’ (Sw )f” < SWE ’
k+1
o (), =5 () s
(k)" =4 T=s. (4
0’ (Sw )j‘”l S SwE’
K/ =K, [1—a,< (po-p; )] (35)

IV. RESULTS AND DISCUSSION

To study the deformation of a saturated porous medium,
computational experiments were carried out using the
following parameter values: m,= 0.23, K,= 5-10° m? s0 =
0.6, s9 = 0.4,p2 = 105 Pa, p%, = 10° Pa, p*==5-10° Pa, (p,)°
=950 kg-m?, (p,,)° = 1,002 kg-m?, u, = 2.23-107 Pa-s, y,, =
107 Pa-s, B,= 108 Pa’!, ay =-1.25-10%Pa’!, and T= 1 yr.

The initial reservoir and well pressures were set to
p? =10’ Pa and p° =10’ Pa , respectively. Figures 1(a) - 1(c)
illustrate the pressure distribution for three media with different

compressible coefficients. As the filtration process proceeded,
the reservoir pressure decreased with time. Additionally, Figure
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2 depicts the oil phase velocity profiles at different values of { tto, 10~3mls
the compressibility coefficient at several time moments. In all =0 /
cases, the velocity reached its maximum near the wellbore and B /
decreased over time. In less compressible media, the velocity 0.83 1 === t=1month !
near the wellbore decreased more slowly, while the velocity in == =06 months !
the far-field region increased due to the development of a @ 0561 1= 1 year !
stronger pressure gradient away from the well. H P
A
0.28 1 o
P, 10°Pa 0
1000 T - ey
\'\ N 0.00 " PRI LU X, m
'\ \ 0 30 60 90 120
8.751 NN Uy, 10~8mls
N 1.11 -
“\ — =0
@ 7501 —— =0 "\ L /
=== t=1 month \ \ 0.83 - === t=1month ]
6.25 1 —-— =6 months \‘l —-— t=1 months Ill
...... =1 year \; b) 0.56 seeeee t=1 year ;
5.00 - . . | x m I
0 30 60 90 120 '
i 7
P, 10°Pa 0.28 T
10.00 T S— - SLa
""""" S N et -
. ’ \ 0.00 e = X, m
075 N 0 30 60 90 120
e N \ u,, 10~8mls
RN 1.11 1
® 7501 —— 1=0 KR — =0
=== t=1month \ \ 0.83 - === t=1month
6.25 1 —:= t= 6 months \“ —-:= t=1 months
Y B -
...... 1= 1 year \| (©) 0.56 1 seeeee =1 year e
5.00 - . . 1 X, m J/
0 30 60 90 120 0.28 /,’
P, 10°Pa ' T
10.00 === *\\ ‘i\\ .——"“""ﬂ“,/)
................. s N 0.00 +esaas 1= —T , X m
O \.\ \ 0 30 60 90 120
\-\ \ Fig.2.  Profiles of oil phase velocity at (a) f,=5-10"Pa”, (b)
. \
©  750{ —— =0 AN B,=3-10"Pa”", and (c) B, =10"Pa™*.
*e . \
=== t=1month e\ \
6251  —-— t=6months "\ \ Figures 3 and 4 present the porosity and permeability
...... t=1 vear "'S.;\‘\ profiles at three compressibility coefficient values at different
5.00 : " xm time moments. In Figures 3(a) and 4(a), porosity and
0 30 60 90 120 permeability decline sharply in the bottom-hole zone, reaching
Fig.1.  Reservoir pressure profiles at (a) f,=5-10"Pa”, (b  values of m=0.205 and K =0.56-10"" m”, respectively. As

B,=3-10"Pa”", and (c) B,=10"Pa"".

m

The decrease of S, in Figure 1 led to intensification of
pressure drop. This occurred because lower compressibility
slowed the reduction of porosity (Figure 3) and permeability
(Figure 4), thereby preserving better flow capacity. As a result,
filtration remained more effective in low compressible media,
leading to a faster decrease in reservoir pressure.

The decrease in the compressibility factor caused a decline
in velocity in bottom-hole zone, while a rise occurred in
regions far from the well. This is affected by the pressure
gradient, which decreased by lowering the medium
compressibility in bottom-hole zone, while arose in regions far
from the well (Figure 1) in low compressible media.

a result, the liquids’ motion did not start in regions far from
the well (Figures 1(a) and 2(a)), and porosity and permeability
remained unchanged there. As compressibility decreased
(Figures 3(b), 3(c), 4(b), and 4(c)), the reduction in both
porosity and permeability slowed down in bottom-hole zone.
However, since liquid flow extended farther into the reservoir
under these conditions, porosity and permeability also
decreased (Figures 3(c) and 4(c)).

To validate the results, a comparison was carried out with
previously published data. Authors in [11] calculated the
average pore pressure in the reservoir, pore pressure fields,
subsidence, and compaction. Using the initial data from this
study, calculations were performed through the proposed
methodology. Table II demonstrates the average pressure
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decline obtained in [11] using the two-way coupled scheme and

the results obtained in this study.

0230 —— ==~ —_— <
TR \
e\, \
0.224 1 N\
=\
@ 02181 — = \\ \
=== t=1 month \ ‘|
0.211 1 —-— =6 months \‘.
...... t=1 year 5;
0.205 T r . ‘ X, m
30 60 90 120
m
0.230 e — -
________ ~. ~
..,_...\,\ \
0.224 1 TN
N
\ \‘
(b) 0.218 — =0 \_I‘
=== =1 month
0.211 - —:— t=06 months
...... t=1 year
0.205 . , . X, m
0 30 60 90 120
n
0.230 '——__ -
.........:m:m‘::‘\
0.224 1
© 0.218 1 —_ =0
=== t= 1 month
0.211 —-= =6 months
----- t=1 year
0.205 - . . . xX,m
0 30 60 90 120

Fig.3.  Porosity profiles at (a) B,=5-10"Pa”, (b) B,=3-10"Pa”’,

and (¢c) B,=10"Pa"".

m

TABLE IL COMPARISON TABLE OF PREVIOUS AND
PRESENT RESULTS FOR VALIDATION PURPOSES

. Average pressure AYerage pressure
Time obtained in [11], MPa obtained I\l/il Pthls study,
a
0 1 1
3 months 0.9627 0.9412
6 months 0.8908 0.8904
9 months 0.8198 0.8501
1 year 0.7616 0.8006

The maximum relative difference between the average
pressures (4.8%) lays within expected numerical and modeling
discrepancies given the different numerical schemes and
assumptions. The important physical agreement is that both
approaches predicted significant compaction and permeability
reduction in the production zone under pressure depletion, and
a slowing of the pressure decline as permeability and porosity
collapsed locally -which confirmed the physical relevance of
the current results. The present method, thus, provided

www.etasr.com

comparable predictions for the
compaction while offering a
alternative; nevertheless, differences at the 1-5% level reflect

model formulation and discretization choices rather than a
physical inconsistency.

average pressure

1,00 K, 10~"5m?
' TS \\\
R Y
0.89 N\
“ O\
(a) 0.78 4 —_— =0 W)
=\
=== =1 month \ “
0.67 —+= =06 months \'|
""" t=1 year kY
0.56 1xm
0 30 60 9 120
K, 10~m?
1.00 T~ ‘\\\
N \
0.89 4 \. \‘
RO N
N
(b) 0.78 1 —_ =0 I\
-"
=== 1= 1 month 1
0.67 4 —+= =06 months
""" 1= 1 year
0.56 X m
0 30 60 90 120
K, 10~m?
1.00 TTTT T e e e = =
0.89 h
(c) 0.78 4 —_ =0
=== t=1 month
0.67 1 == =6 months
""" t=1 year
0.56 - . . . xom
0 30 60 9 120
Fig.4.  Permeability  profiless at (a) B,=5-10"Pa”', (b)

B,=3-10"Pa’', and (c) B,=10"Pa".

V. CONCLUSION

In this study, a one-dimensional mathematical model was
developed considering medium and phase compressibility for
the filtration of oil and water in an oil reservoir containing a
single production well. The "large particle” method was used to
obtain numerical solutions and parameters including pressure,
velocity, porosity, and permeability were analyzed. The results
showed that the compressibility coefficient directly affected the
porosity of the medium. Higher compressibility led to a sharp
decrease in porosity in bottom-hole zone, which in turn caused
a reduction in permeability. These losses resulted in slower
decline in reservoir pressure as well as delaying the flow of the
phases in far zones from the production well.
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From an applied perspective, the obtained results can be

applied in the rapid screening of compaction and permeability-
loss risk near production wells, especially in reservoirs with
high total porosity but restricted pore-throat connectivity (e.g.,
vuggy carbonates or diagenetically altered sandstones). The
sensitivity tests can, therefore, help operators and modelers to
assess production decline scenarios and plan mitigation under
realistic field parameter ranges.

NOMENCLATURE

m = porosity of the medium
p, = density of oil phase

p, = density of water phase

s, = saturation of oil phase

s, = saturation of water phase
, = velocity of oil phase
u,, = velocity of water phase
m,, = initial porosity
B, = compressibility coefficient of the medium
p, = reservoir pressure which the system stays under
equilibrium

( P, ) , = initial oil density

( o ) , = initial water density

B, = compressibility coefficient of oil phase

B, = compressibility coefficient of water phase

k

o

kW

= relative permeability of the medium to the oil phase

= relative permeability of the medium to the water phase

K, = initial absolute permeability

ay
0

p
0

SO

0
s W

= permeability coefficient
= initial reservoir pressure
= initial oil saturation

= initial water saturation

p’ = well pressure

L =length of element

h =

grid step in space

7 = grid step in time
N_ =number of nodes in space

N, = number of nodes in time

L =element length

T = maximum time under consideration
o = oil phase

w = water phase

(11

(2]
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