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ABSTRACT 

The Traveling Salesman Problem (TSP) plays a key role in transport logistics, particularly in route 

optimization and cost reduction. In transportation and distribution, it is significant to minimize vehicle 

travel distance while meeting delivery deadlines. The TSP determines the shortest route that passes 

through multiple destinations before returning to the starting point, thereby reducing fuel consumption 

and travel time. This problem is the basic model for all transportation problems, and its concept is well 

known in operations research. This article addresses its stochastic version. The classic TSP is considered, 

but with a more specific case: the customers on the tour are random variables. These customers are 

associated with a probability pi, and the tour must be adapted to ignore absent customers. The proposed 

formulation is based on the original PTSP2 model. To determine the effectiveness of the proposed 

formulation, a comparative analysis was conducted with an existing model in the literature based on the 

Miller–Tucker–Zemlin (MTZ) formulation. The comparison was conducted primarily of the Continuous 

Relaxation Quality (QRC%) bounds determined by the two models. The two formulations were then 

solved via an exact solution based on a Branch-and-Cut algorithm with a constraint generation strategy 

that permits constraint violations to be added gradually as the optimization occurred. The models were 

tested with a series of test instances to evaluate their performance. The findings indicate that the proposed 

formulation generates substantially tighter continuous relaxation bounds. Specifically, the QRC of the 

proposed model has increased by over 50% compared with that of the currently existing MTZ-based 

model reported in the literature. Secondly, the introduced model is more computationally effective in 

several cases. These findings prove that the proposed formulation is effective in addressing the problem in 

question. 

Keywords-probabilistic traveling salesman problem; constraint generation strategy; MTZ formulation; 

customers; continuous relaxation quality; stochastic model; two-stage formulation; computing time; classical 

TSP  

I. INTRODUCTION  

The mathematical discipline of stochastic optimization 
focuses on solving optimization problems in uncertain or 
complex contexts. In contrast to deterministic optimization, 
which assumes the knowledge and fixity of all problem 
parameters, stochastic optimization considers the unpredictable 

and random nature of several parameters [1]. This constitutes 
an effective and crucial method for multiple applications, 
where information is frequently partial, disturbed, or exposed 
to unexpected changes [2]. A stochastic optimization problem 
is a situation where the objective is to maximize or minimize a 
function (called the objective function) while considering 
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constraints and uncertain parameters. These uncertainties are 
often modeled as random variables, introducing a probabilistic 
dimension into the problem-solving process [3]. Among the 
types of stochastic optimization problems, there are scenario-
based problems, which allow for the design of robust solutions 
in uncertain environments, although they pose theoretical and 
practical challenges. The choice of methods depends on the 
type of problem, the nature of the uncertainty [4], and the 
operational constraints. This work focuses on a scenario-based 
stochastic optimization problem, known as the Probabilistic 
Traveling Salesman Problem (PTSP). 

Optimization problems under uncertainty, such as the 
PTSP, play a central role in modern operations research. These 
problems incorporate scenarios and recourse decisions to 
represent the uncertainty inherent in real-world systems. The 
PTSP is a stochastic extension of the classical TSP. Its 
objective is to determine a Hamiltonian cycle that minimizes 
the expected tour length while accounting for possible 
customer cancellations. In the PTSP, an a priori (nominal) tour 
is first constructed according to the planned customer sequence 
and the probabilities of customer presence. Once the actual set 
of the present customers becomes known, the nominal tour is 
adapted by skipping absent customers, resulting in the effective 
tour. Although the probabilistic version of the TSP was 
formally studied in 2016 [5], the fundamental concept was 
originally introduced in [6], where the PTSP was first defined, 
and several important properties of optimal tours were 
established. Two main mathematical formulations are 
commonly used for the PTSP: the Dantzig–Fulkerson–Johnson 
(DFJ) formulation and the MTZ formulation [7]. This work 
focuses on the MTZ formulation, which is particularly effective 
for small-sized instances. The objective is to demonstrate that 
the MTZ formulation also performs effectively for the 
probabilistic version of the TSP. The MTZ formulation is one 
of the earliest and most widely used mathematical models for 
the TSP. Introduced in [8], it provides a compact representation 
of the problem while preventing the occurrence of subtours. 
Later, the probabilistic variant of the TSP was formulated in [5] 
using both the MTZ and DFJ approaches. 

The solution methods for the PTSP can generally be 
classified into two main categories: heuristic approaches and 
exact methods. Exact methods, such as integer linear 
programming techniques, guarantee optimal solutions; 
however, their computational complexity often limits their 
applicability to small-sized instances. For example, the authors 
in [9] presented a mathematical formulation of the PTSP and 
applied exact solution methods to obtain numerical results for 
relatively small problem instances. In the present work, 
particular attention is given to formulations based on the MTZ 
model. Authors in [10] revisited the Subtour Elimination 
Constraints (SECs) of the MTZ formulation and proposed 
improvements to strengthen its performance for the 
Asymmetric Traveling Salesman Problem (ATSP). 
Furthermore, Velednitsky established in 2018 a combinatorial 
proof showing that the polytope defined by the DFJ 
formulation is contained within the polytope associated with 
the MTZ formulation for the ATSP. Despite this theoretical 
relationship, several studies have demonstrated that the MTZ 

formulation remains particularly effective for small-scale 
instances and problems of limited size [11]. 

The main contributions of this paper are: A new 
mathematical formulation is proposed based on the PTSP2 
model [8]. The formulation is presented as a two-stage 
stochastic programming model for the PTSP and is described in 
detail. A numerical comparison is then conducted between the 
proposed formulation and the existing PTSP1 model using 
randomly generated instances. The PTSP1 model is solved 
through an iterative algorithm that progressively adds SECs 
until no subtour remains in the current solution. The same 
iterative procedure is applied to obtain an optimal solution for 
the proposed PTSP model. Finally, extensive computational 
experiments are carried out to compare the proposed approach 
with models available in the literature, while the obtained 
results are discussed and the main conclusions of the study are 
presented. 

II. PROBLEM DEFINITION 

A. The TSP and Scenario Approach 

The TSP is a classical problem in graph theory and 
combinatorial optimization in which a traveler must visit a set 
of cities exactly once, minimize the total travel distance, and 
return to the starting city [12]. The PTSP is a stochastic 
extension of the TSP in which each customer or node is visited 
with a certain probability [13]. The PTSP was first introduced 
in [6] as a variant of the classical TSP where only a subset of 
the nodes may actually be present in a given realization of the 
problem. In this context, an a priori tour is determined before 
the realization of uncertainty, and the effective tour is obtained 
by visiting only the customers that are present while preserving 
the order defined in the original tour. The objective is therefore 
to identify an a priori tour that minimizes the expected travel 
distance. The classical TSP can be viewed as a particular case 
of the PTSP in which all nodes are present with probability 
equal to one. Consequently, the main difference between the 
TSP and PTSP lies in the probabilistic nature of customer 
presence, where each node in the PTSP is associated with a 
visit probability ranging from 0 to 1. The relationship between 
the TSP and PTSP is of particular interest because the 
deterministic TSP represents a special case of the PTSP with no 
uncertainty. Several theoretical properties of the PTSP have 
been analyzed and rare cases have been identified in which the 
TSP solution remains stable under uncertainty [15]. 

The problem is defined on a connected graph � = (�, �), 
where � = {1,2, … , �} represents the set of customers, and 
� denotes the set of arcs corresponding to the travel distances 
or costs between customers. Each customer � ∈ �is associated 
with a probability �� , representing the likelihood that the 
customer must be visited. The objective is to determine a 
minimum-cost Hamiltonian cycle while accounting for possible 
customer cancellations. To model the problem, two decision 
variables are considered: ��� , which represents the nominal 
tour, and ���

� , which represents the effective tour associated 
with scenario �. Figure 1 presents two possible realizations of 
the problem: Scenario A, in which all customers are present 
and must be visited, and Scenario B, in which some customers 
are absent, resulting in an adapted effective tour. 
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(a) 

 
(b) 

Fig. 1.  Example of a tour by scenarios A and B. 

B. The MTZ Formulation 

The classical TSP consists of determining the shortest 
possible tour that visits each city exactly once and returns to 
the starting point, minimizing the total travel cost. The MTZ 
model provides one of the most widely used mathematical 
formulations, ensuring a compact representation and preventing 
sub-tours through additional ordering variables. 

��� ∑ ������ ���     (aa) 

Subject to: 

∑ x�� = 1 (∀i ∈ V, i " j)$
�%&    (bb) 

∑ ��� = 1 (∀' ∈ �, ' " �)(
�%&    (cc) 

)� * )� + ���� , � * 1,  

)� = )� + 1 -� ��� = 1, � " '   (dd) 

��� ∈ {0;1} ∀ (�, ') ∈ 0    (ee) 

where (aa) is the objective function that minimizes the total 
distance, (bb) and (cc) are the assignment constraints for the 
nominal tour, which ensure that each customer will visit only 
once, (dd) is the sub-tour elimination constraints, and (ee) is the 
integrality constraints. 

III. MATHEMATICAL FORMULATION 

A. Mathematical Formulation of the PTSP with the MTZ 
Model PTSP1 

Equation (1) is the objective function that minimizes the 
total distance traveled by the effective tour for all scenarios k. 
(2) and (3) are the assignment constraints for the nominal tour. 
(4) and (5) are the assignment constraints for the adapted tour. 
(6) and (7) are the integrality constraints on the visit rank 
variable for the nominal tour. (8) are the sub-tour elimination 
constraints for the nominal tour. (9) and (10) are the integrality 
constraints for the visit rank variable for the adapted tour 
(scenario k). (11) are the sub-tour elimination constraints for 
the adapted tour. (12), (13), and (14) are the integrality 
constraints. 

��� &
|2|

∑ ∑ 3�����
�

�,�∈45
|2|
�%&    (1) 

Subject to: 

∑ ���
(
�%& 1∀� ∈ {1, . . , �}   (2) 

∑ ���
(
�%& =  1 ∀j ∈ {1, . . , n}   (3) 

∑ ���
�

�∈85 =1∀ � ∈ ��, ∀� ∈ {1, … , 9}  (4) 

∑ ���
�

�∈85 =1∀ ' ∈ ��,∀� ∈ {1, . . , 9}  (5) 

)� ∈ ℤ, )& = 1    (6) 

2 , )� , � , ∀� ∈ �, � " 1 ;< ' " 1  (7) 

)� * )�+���� , � * 1  , ∀� ∈ �, � " 1 ;< ' " 1 (8) 

)&
� = 1, ∀� ∈ �� , ∀ � ∈ {1, . . 9}   (9) 

2 , )�
� , �� , ∀� ∈ �� , � " 1 ;< ' " 1  (10) 

)�
� * )�

� + �����
� , �� * 1,  

∀� ∈ ��, � " 1 ;< ' " 1 (11)   (11) 

x��
= > y��, ∀(i, j) ∈ 0� , ∀ k ∈ {1, . . K}  (12) 

y�� ∈{0,1}∀(i, j) ∈ A    (13) 

x��
= ∈{0,1}∀(i, j) ∈ 0�,∀k ∈ {1, . . K}  (14) 

B. Proposed Mathematical Formulation  

This PTSP2 model was first proposed in [5]. It is a 
formulation based on the MTZ model. Equation (15) represents 
the objective function that minimizes the total distance traveled 
of the actual tour for all scenarios. Equations (16), (17) are the 
assignment constraints for the nominal tour. Equations (18), 
(19) are the condition constraints for the visit rank  )�

� . 
Equation (20) is a sub-tour elimination constraint based on the 
MTZ model. Equations (21), (22) are the integrality 
constraints. 

Min {∑ l��y�� + ∑ ∑ l��xE��
=}FG=∈H(�,�)∈F   (15) 

Subject to: 

∑ y�� + ∑ xE��
= = 1, ∀ i ∈ V, k ∈ K�:(�,�)∈FG�:(�,�)∈F  (16) 

∑ y�� + ∑ xE��
= = 1, ∀ j ∈ V, k ∈ K�:(�,�)∈FG�:(�,�)∈F  (17) 

U&
= = 1, ∀k ∈ K    (18) 

2 , U�
= , n , ∀i ∈ V , (i " 1), ∀k ∈ K  (19) 

U�
= * U�

= + nKy�� + xE��
=L , n * 1,  

∀(i, j) ∈ A, (i, j " 1)    (20) 

y�� ∈ {0,1} , ∀ (i, j) ∈ A    (21) 

xE��
= ∈ {0,1}, ∀(i, j) ∈ A=, k ∈ K   (22) 

IV. SOLVING THE PROBABILISTIC TRAVELING 
SALESMAN PROBLEM 

Since PTSP solution techniques can model a wide range of 
real-world applications, this problem has become an active area 
of research [14]. Numerous solution approaches have been 
proposed, including both exact and heuristic methods. In this 
work, an exact approach based on the professional solver 
CPLEX is adopted to solve the binary linear programming 
formulation by exploiting the relationship between the PTSP 
and the classical TSP [15]. In addition, a constraint generation 
strategy [16], like the approach proposed in [17], is employed 
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to accelerate the solution process. The problem is solved using 
a Branch-and-Cut algorithm [18], as described in Algorithm 1. 

A. Solving the ATSP 

The ATSP is a variant of the classical TSP in which the 
travel cost or distance between two locations is not necessarily 
the same in both directions [19]. This asymmetry may result 
from factors such as road conditions, one-way streets, or 
differences in transportation and logistical costs [20]. The 
ATSP has important applications in logistics, transportation 
management, and route optimization [21]. The ATSP is 
classified as an NP-hard problem, meaning that obtaining an 
optimal solution becomes computationally difficult as the 
number of cities increases [22]. Classical solution approaches 
can generally be divided into exact and heuristic methods [23]. 
Exact approaches, including integer linear programming and 
Branch-and-Bound or Branch-and-Cut algorithms, guarantee 
optimal solutions; however, their computational complexity 
often makes them impractical for large-scale instances [24]. 
One of the most widely used Mixed Integer Linear 
Programming (MILP) formulations for the TSP is the MTZ 
formulation [25]. A significant challenge of this formulation is 
preventing the occurrence of subtours, which are cycles that do 
not include all nodes of the problem [26]. To address this issue, 
SECs are dynamically generated and added during the 
optimization process. In this study, the problem is solved using 
a Branch-and-Cut algorithm [27]. This method combines the 
Branch-and-Bound procedure with cutting planes to strengthen 
the linear relaxation and reduce the search space. At each 
iteration, the algorithm explores the search tree, branches on 
decision variables, and adds valid inequalities (cuts) whenever 
subtours are detected. The dynamic generation of constraints 
significantly improves computational efficiency, particularly 
for large-scale TSP instances [28]. 

Algorithm 1: procedure for generating sub-

tour elimination constraints (CES) 

1.initialize the problem with linear 

relaxation. 

2. as long as (the optimal solution is not 

found): 

a. solve the linear relaxation. 

b. if the solution is complete and valid: 

- update the best solution. 

- finish if all branches are explored. 

c. otherwise: 

- detect sub tours. 

- add valid cuts. 

- if necessary, perform a branching. 

3. return the best integer solution found. 

 

Procedure Branch-and-Cut 

1. Model Initialization 

Define Asymmetric Traveling Salesman 

Problem (ATSP) as a MILP. 

using the MTZ constraints. 

2. Relaxation 

The next step is to relax the integrality 

constraints and solve the linear 

relaxation. 

3. As the optimum integer solution is not 

located do. 

3.1 Subtour Detection 

Search the existing solution and identify 

subtours. 

3.2 If subtours are found then 

Create the relevant Subtour Elimination 

Constraints (SECs). 

Add the SECs to the model. 

End If 

3.3 In case the solution is a fraction 

then 

Implement the Branch-and-Bound algorithm. 

Branch on the choice variables of interest 

to generate subproblems. 

End If 

3.4 Resolve the updated model. 

4. End While 

5. Give back the optimal integer solution 

to the optimum ATSP tour. 

End Procedure 

V. NUMERIC RESULTS 

A. Comparison Between PTSP1 and PTSP2 

The trials were conducted on an Intel® Core(TM) i5-
4210U CPU running at 1.7 GHz with 8 GB of memory to 
determine the PTSP1 resolution. The programs were created in 
the OPL language, the modeler language of the CPLEX Solver, 
using 10 instances of various sizes (5, 7, and 15 nodes) and 
randomly generated scenario matrices. For the scenarios, 
random variables ��

�  were used that represent the confirmation 
of customers (see section nomenclature). IBM ILOG CPLEX 
version 12.6.0 provided the solution, as shown in Table I. The 
comparison of the two mathematical models for the PTSP was 
carried out with respect to the quality of their continuous 
relaxations. Figures 2 and 3 illustrate the distribution of 
integrality gaps, while Figure 4 reports the lower bounds 
obtained from the relaxations. Figures 5 and 6 further provide 
insights into the computational behavior associated with these 
relaxations. 

For N = 4, it is not possible to generate 25 or 30 distinct 
scenarios. Therefore, all possible scenarios associated with the 
presence probability p(k) were considered, and the exact 
calculation was performed. In this case, VPQR represents the 
exact optimal value. Figure 2 displays the evolution of QRC1 
and QRC2 as a function of  N. QRC1, represented by the dotted 
line, exhibits a steady and continuous increase, whereas QRC2, 
represented by the solid line, increases up to N = 14  before 
demonstrating a significant decline. Although both models 
initially produce similar QRC% values, QRC1 consistently 
outperforms QRC2 as N increases, indicating superior 
relaxation quality for larger problem sizes. 
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TABLE I.  VOPT, R, T, NDS, AND QRC OF PTSP1, PTSP2 

N |S| V1opt R1 N1ds T1 V2opt R2 N2ds T2 QRc1% QRc2% 

4 5 130.6 129.1 0 0.02 130.6 129.6 0 0.01 1.14 0.76 
6 5 144.4 141.3 25 0.01 144.4 143.5 45 0.01 2.14 0.62 
8 5 139.2 135.2 0 0.03 139.2 134.3 24 0.02 2.87 3.52 
10 5 147.21 140.5 30 0.22 147.21 140.7 60 0.10 4.55 4.42 
12 5 134.6 125.8 25 1.2 134.6 127.4 45 0.15 6.53 5.34 
14 5 146.8 132.3 140 4.43 146.8 136.7 180 0.6 9.87 6.88 
15 5 148.3 131 720 8.60 148.3 140.6 1256 1.1 11.66 5.19 
4 10 110.8 105.2 0 0.07 110.8 100.6 0 0.02 5.05 9.2 
6 10 118.7 102.4 30 0.03 118.7 107.2 47 0.01 13.73 9.68 
8 10 123.6 113.6 120 0.1 123.6 114.3 157 0.1 8.09 7.52 
10 10 145.3 133.2 432 0.5 145.3 133.7 674 0.3 8.32 7.98 
12 10 138.7 123.2 42 4 138.7 129.4 78 2.12 11.17 6.7 
14 10 141.8 126.1 18432 6.61 141.8 125.7 872 3.13 11.07 11.35 
15 10 145.2 125.9 7654 8.12 145.2 137.1 9750 36.05 13.29 5.57 
4 20 132.5 122.7 0 0.02 132.5 126.4 0 0.03 7.39 4.6 
6 20 110.8 100.3 6 0.03 110.8 97.6 12 0.05 9.47 11.91 
8 20 130.8 121.8 12 0.25 130.8 120.3 24 0.26 6.88 8.02 
10 20 143.2 130.2 412 3.4 143.2 130.4 523 1.4 9.07 8.93 
12 20 139.8 123.7 2312 5.8 139.8 124.5 2800 5.77 11.51 10.94 
14 20 140.9 120.7 765 12.8 140.9 115.7 1254 1860 14.33 17.88 
15 20 144.8 124.7 413 20.9 144.8 116.7 834 2400 13.88 19.4 
4 25 131.9 120.9 0 0.02 131.9 124.8 0 0.02 8.33 5.38 
6 25 109.1 99.1 8 0.07 109.1 97.7 23 0.06 9.16 10.44 
8 25 130.3 118.2 14 0.5 130.3 120.4 33 0.55 9.28 7.59 
10 25 150.4 130.2 400 2.2 150.4 138.2 754 1.75 13.43 8.11 
12 25 134.1 110.2 1230 55.12 134.1 113.5 2953 9.83 17.82 15.36 
14 25 140.6 122.5 900 60.8 140.6 130.5 975 2160.7 12.87 7.18 
15 25 142.8 122 510 78.9 142.8 125 812 2900.3 14.56 12.46 

 

 
Fig. 2.  QRC1 and QRC2 for 5 scenarios. 

 
Fig. 3.  QRC1 and QRC2 for 10 scenarios. 

Figure 3 depicts the values of N ranging from 4 to 15; the 
graph displays the QRC for two distinct approaches, QRC1 

(dotted line) and QRC2 (solid line), over 10 distinct 
circumstances. QRC1 is less stable, but it can occasionally 
offer better relaxation quality. QRC2 is more reliable and 
consistent, which may be better in real-world situations where 
stability is essential. The decision between QRC1 and QRC2 
most likely comes down to whether more stable outcomes 
(QRC2) or higher average relaxation quality (QRC1) are 
desired. 

In Figure 4, it is observed that for small N, both methods 
perform similarly, whereas for large N, QRC2 is superior in 
terms of relaxation quality. 

 

 
Fig. 4.  QRC1 and QRC2 for 20 scenarios. 
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Fig. 5.  QRC1 and QRC2 for 25 scenarios. 

Figure 5 demonstrates that, on average, QRC1 offers higher 
relaxation quality, although there are notable variations. 
Because QRC2 is steadier, it may be more dependable in real-
world applications. QRC1 exhibits stronger but unstable results 
for bigger N (N ≥ 10), while QRC2 has a more consistent 
growth trend. Whether stability (QRC2) or higher peak 
performance (QRC1) is desired may influence the decision 
between QRC1 and QRC2. 

 

 
Fig. 6.  QRC1 and QRC2 for 30 scenarios. 

Figure 6 illustrates the QRC values obtained for the two 
approaches, QRC1 and QRC2, for different values of N 
ranging from 4 to 15 under 30 scenarios. The observed 
differences between QRC1 and QRC2 indicate that the two 
approaches produce different relaxation quality performances. 
QRC1 exhibits greater variability but shows improved 
relaxation quality as N increases, whereas QRC2 provides 
more stable results across the tested instances. 

B. Analysis of the Solutions 

Several important conclusions can be drawn from the 
analysis of the figures comparing QRC1 and QRC2. The 
Quality of Continuous Relaxation (QRC) is a metric used to 
evaluate the effectiveness of the linear relaxation of an integer 
programming formulation for the PTSP. It is defined as the 
ratio between the objective value obtained from the relaxed 
(continuous) model and the objective value of the best known 
feasible integer solution. A QRC value closer to 1 indicates a 
tighter relaxation and a better approximation of the optimal 
solution, whereas lower values correspond to weaker 
relaxations and looser bounds. Based on the numerical results 
and graphical analysis, the PTSP1 model, which is based on the 
classical MTZ formulation, generally provides better 

performance than PTSP2 for small and medium-sized 
instances. However, as the number of nodes N increases, 
PTSP2 appears to become more competitive and may 
eventually outperform PTSP1 for larger instances. This 
observation should be further investigated through experiments 
on larger-scale problems. The comparative analysis of QRC1 
and QRC2 also reveals a trade-off between relaxation quality 
and stability. QRC1 often achieves better relaxation quality, but 
its performance is more sensitive to variations in problem 
parameters. In contrast, QRC2 provides more stable and 
consistent results, although its relaxation quality is generally 
lower. Therefore, the choice between the two approaches 
should depend on the objectives of the optimization process 
and the specific characteristics of the problem being addressed. 

VI. CONCLUSIONS 

This study investigated the Probabilistic Traveling 
Salesman Problem (PTSP) using exact solution methods based 
on the MTZ formulation. More specifically, a new two-stage 
stochastic programming formulation incorporating MTZ-type 
constraints was proposed, and a comparative analysis with the 
existing formulations from the literature was conducted. The 
computational results demonstrated the effectiveness of the 
proposed approach, particularly in terms of improving the 
quality of the linear relaxation and reducing the number of 
Branch-and-Cut nodes required during the optimization 
process. The results also confirmed that the PTSP can be 
solved exactly for small-sized instances, allowing efficient 
routing decisions to be identified while explicitly accounting 
for uncertainty in customer presence. Among the formulations 
considered, PTSP1 generally outperformed PTSP2 for small-
scale instances. Furthermore, the proposed approach remained 
relatively simple to implement and required a moderate number 
of variables and constraints. Despite these promising results, 
the scalability of the proposed formulations remains a 
significant limitation. Exact methods become computationally 
expensive for instances involving more than approximately 40 
customers. Consequently, future research should focus on 
extending the proposed approach to larger-scale PTSP 
instances. Potential research directions include the 
development of advanced decomposition techniques, parallel 
computing strategies, and hybrid approaches combining exact 
optimization methods with customized metaheuristics. Such 
developments could significantly improve computational 
efficiency and enhance the applicability of the proposed models 
to real-world routing problems characterized by both large-
scale structures and uncertainty. 
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