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ABSTRACT 

Steel–concrete composite beams are ubiquitous in construction, especially in bridge building. This paper 

addresses the harvesting of energy from a beam subjected to a moving harmonic load using analytical 

methods. The harvesting is performed by attaching a thin piezoelectric patch directly to the bottom surface 

of the steel beam. Based on the assumptions of the Euler–Bernoulli beam theory for the relationship 

between displacement and deformation, the differential equation for the vibration of a beam is derived 

using Hamiltonian principles. A theoretical formulation is presented for the problem of harvesting energy 

from a harmonic moving load on a simply supported beam. The dynamic responses are determined in 

exact form using analytical methods, and the energy harvested from the piezoelectric material layer is 

calculated. The influence of the speed of the load on the energy harvesting of the piezoelectric material 

layer is investigated in detail. 

Keywords-piezoelectric energy harvesting; beam; harmonic moving load; analytical solution  

I. INTRODUCTION  

Steel–concrete composite structures have many advantages 
as load-bearing components, and have been studied by 
numerous scientists and engineers. Authors in [1] studied steel–
concrete composite beams using elastic connections between 
the concrete layer and the steel beam. Authors in [2] studied the 
behavior of steel–concrete composite slabs that have waste 
plastic added to the concrete layer. Authors in [3] used high-
order beam theory to find a closed-form solution for a steel–
concrete composite beam. Authors in [4] computed the bending 
capacity of a composite beam with an ultra-high-performance 
concrete slab using a nonlinear material model.  

Energy harvesting from the vibration of structures has 
attracted the attention of many engineers and scientists. A 
common method of harvesting electrical energy from structural 
vibrations is to use piezoelectric materials. Many structures that 
can vibrate under loads can be used for energy harvesting, such 
as rigid pavement, bridges, and railroad tracks. To calculate the 
energy that can be harvested, it is necessary to analyze the 
dynamic response of the structures. Many studies have been 
conducted on the dynamic response of structures using 
analytical, semi-analytical, or experimental methods. Authors 
in [5] investigated the dynamic response of a sandwich beam 
with a flexible porous core subjected to moving mass using an 
analytical Navier approach. Authors in [6] investigated the 
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natural vibration frequency of porous functionally graded 
beams using the trigonometric shear deformation theory. 
Authors in [7] employed the analytical solution for the free 
vibration of carbon nanotube–reinforced beams resting on a 
viscoelastic Pasternak foundation. Authors in [8] used a finite 
element method to calculate the dynamic response of 
continuous sandwich beams subjected to moving loads. 
Authors in [9] developed the User-Defined Material Model 
(UMAT) subroutine in the ABAQUS software to compare one-
dimensional and three-dimensional models for free vibrations 
of functionally graded material beams with nonuniform cross-
sections. Authors in [10] developed a higher-order beam 
element model for the stochastic free vibration of a beam with 
a random elastic modulus field. Authors in [11] combined the 
transfer matrix method and the analog beam method to study 
the dynamic response of steel–concrete beams with partial 
interaction subjected to moving loads. Energy harvesting from 
vibrations in beam and plate structures has been studied using 
both experimental and theoretical methods Authors in [12] 
developed an improved method to harvest energy from bridge 
vibrations caused by moving vehicles. Authors in [13] 
developed an asymptotic homogenization technique to solve a 
piezoelectric composite beam. Authors in [14] used the Runge–
Kutta method to solve equations of motion to study and 
calculate the energy that can be harvested from the vibrations 
of a beam with a layer of piezoelectric material. Authors in [15] 
used the Lax–Friedrichs scheme to solve a partial differential 
equation for the stochastic response of the output voltage of an 
acoustic black hole energy harvester. A three-dimensional 
finite element model for the dynamics of a piezoelectric plate 
with initial stress was developed in [16]. In [17], the damage to 
concrete beams has been assessed through experiments, which 
included the use of piezoelectric transducers bonded with the 
reinforcing steel. Authors in [18] studied the nonlinear dynamic 
response of a cantilever beam using a Galerkin method to 
calculate the energy harvested from a piezoelectric patch. 

This paper investigates the harvesting of piezoelectric 
energy from the dynamics of concrete composite steel beams 
subjected to moving loads. The general Hamiltonian principle 
according to the assumptions of Euler–Bernoulli beam theory is 
applied to deduce the governing equations. An analytical 
method is used to calculate the piezoelectric energy harvested 
in the beam. 

II. THEORETICAL APPROACH FOR THE 

DYNAMICS OF A STEEL–CONCRETE COMPOSITE 

BEAM SUBJECTED TO HARMONIC MOVING LOAD  

The subject of this study is a steel–concrete composite 
beam subjected to harmonic moving load as shown in Figure 1. 
Using the classical plate theory, the displacement fields at an 

arbitrary point ( , , )x y z  in the plate are given by: 

   

   
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where u  and w  are the displacement components on the 

mid-plane. The strain energy of a beam is: 
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Fig. 1.  Steel–concrete composite beam. 

The governing differential equation of a beam subjected to 
a harmonic moving load can be expressed using the Hamilton 
principle: 
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The displacement of the beam is expressed as: 
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where Wi is the eigenfunction for the ith
 mode shape with 

simple boundary conditions: 
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Substituting (4) into (3) yields: 
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This can be transformed into the following simple form: 
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The solutions of (7) include the solutions of the 
homogeneous equation: 

 0 1 sin i i i iT c t      (8) 

and the individual solutions as follows: 
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The general solution of (7) is: 
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III. PIEZOELECTRIC ENERGY HARVESTING 

The voltage obtained from the piezoelectric pad across the 
resistive load can be described by the equation given by Erturk 

and Inman [19]:   
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where 
pC  is the piezoceramic patch capacitance and 

31e  is the 

plane piezoelectric stress, with: 
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Equation (11) can be transformed as follows: 
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where: 
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The first-order differential equation in (13) has the solution: 
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The harvested power due to beam vibration is: 
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IV. NUMERICAL EXAMPLES 

In this section, numerical examples are provided for a 
simply supported steel–concrete composite beam with the 
following dimensions and material properties: length L = 15 m, 

concrete modulus of elasticity 30 GPacE  , and steel modulus 

of elasticity 200 GPasE  . The moving harmonic load has 

parameters P = 50 kN, a = 0.1, and r = 20 r/s. 

 

 

Fig. 2.  Cross-section of the beam. 

The dimensions of the cross-section of beam are: 

1 3 4

1 2 3 4
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0.3 m,  0.014 m, 0.3 m, 2.2 m.

h h h h

b b b b

   

   
  

The piezoelectric material layer is bonded to the bottom 
flag of the steel beam using lead zirconate titanate (PZT-5A) 
piezoelectric material [20] with the properties listed in Table I. 
The moving load on the beam is investigated at three speeds: v 
= 10 m/s, 20 m/s, and 30 m/s.  

TABLE I.  PROPERTIES OF THE PIEZOELECTRIC 
MATERIAL 

Description Parameter Numerical value 

Plane piezoelectric stress constant e31 -16 C/m2 

Permittivity component 33

Se  9.57 nF/m 

Width of piezoceramic patch bp 0.05 m 

Height of piezoceramic patch hp 0.0002 m 

 

Figure 3 illustrates the displacement at the midpoint of the 
beam for various speeds of the moving load, showing that the 
maximum displacement does not increase significantly with the 
load speed. However, at lower speeds, due to the influence of 
the harmonic load component, the beam oscillates more rapidly 
around the static equilibrium position. 
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(a) 

 

(b) 

 

(c) 

 

Fig. 3.  Displacement at the midpoint of the beam subjected to a moving 

load at speed: (a) 10 m/s, (b) 20 m/s, and (c) 30 m/s. 

Figure 4 shows the piezoelectric output voltage when a 
moving load travels on the beam at different speeds. The shape 
of the electric potential is similar to the displacement because it 
is proportional to the strain rate in the bottom fiber of the beam. 
Figure 5 illustrates the instantaneous power of the piezoelectric 
layer when the beam is subjected to a moving load at three 
different speeds, namely 10 m/s, 20 m/s, and 30 m/s. As the 
speed increases, the fluctuation in power decreases. However, 
the maximum power obtained across the three cases occurs at a 
speed of 20 m/s. Figure 6 clearly shows the general trend that 
as the speed increases, the oscillations of the beam around the 
equilibrium position grow in amplitude, increasing the energy 
harvested from the piezoelectric layer. In the specific 
calculation example here, the maximum power is achieved at a 
speed of 25 m/s, rather than the highest speed calculated. 

(a) 

 

(b) 

 

(c) 

 

Fig. 4.  Piezoelectric output voltage for a moving load at speed: (a) 10 m/s, 

(b) 20 m/s, and (c) 30 m/s. 
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(b) 

 

(c) 

 

Fig. 5.  Piezoelectric output power for a moving load at speed: (a) 10 m/s, 

(b) 20 m/s, and (c) 30 m/s. 

 

Fig. 6.  Dependence of average harvested power on speed. 

V. CONCLUSIONS 

This study utilized analytical methods to find a closed form 
for the displacement of a steel–concrete composite beam 
subjected to a moving harmonic load. The displacement was 
expanded according to the mode shapes to find the exact 
solution of the equation of motion. The displacement 
expression of the beam was substituted into the governing 
circuit equation of the piezoelectric material layer. The 
governing circuit equation was solved to find the exact solution 
for the voltage and power of the piezoelectric patch. Numerical 
simulations were performed with steel–concrete composite 
beams subjected to a moving harmonic load at various speeds. 
The results show that the velocity of the moving load 
substantially affects the vibration of the beam and the energy 
harvested from the piezoelectric material layer. As the velocity 
of the load increases, the fluctuations in voltage reduce in 

frequency but increase in amplitude, leading to an increase in 
average harvested energy output.  

ACKNOWLEDGMENT 

This research is funded by the Ministry of Education and 
Training (MOET), Vietnam under the grant number B2023-
GHA-09. 

REFERENCES 

[1] P. B. Thang and L. V. Anh, "Structural analysis of steel-concrete 
composite beam bridges utilizing the shear connection model," 
Transport and Communications Science Journal, vol. 72, no. 7, pp. 811–
823, 2021. 

[2] K. Huda, H. Sheelan, and A. Khalil, "Long–term behavior of composite 
steel plate-concrete slabs incorporating waste plastic fibers," Magazine 
of Civil Engineering, vol. 109, no. 1, 2022, Art. no. 10904. 

[3] H. D. Ta, K. T. Nguyen, T. D. Ngoc, H. T. Do, T. X. Nguyen, and D. D. 
Nguyen, "Approximation solution for steel concrete beam accounting 
high-order shear deformation using trigonometric-series," Journal of 
Materials and Engineering Structures, vol. 9, no. 4, pp. 599–605, Dec. 
2022. 

[4] V. H. Ho, N. L. Nguyen, and V. M. Ngo, "Theoretical calculation of 
bending capacity of a steel beam-ultra high performance concrete slab 
composite girder," Transport and Communications Science Journa, vol. 
74, no. 4, pp. 497–506, 2023. 

[5] H. Biglari, H. Teymouri, and A. Shokouhi, "Dynamic Response of 
Sandwich Beam with Flexible Porous Core Under Moving Mass," 
Mechanics of Composite Materials, vol. 60, no. 1, pp. 163–182, Mar. 
2024, https://doi.org/10.1007/s11029-024-10181-7. 

[6] P. T. B. Lien, "Free vibration of porous functionally graded sandwich 
beams on elastic foundation based on trigonometric shear deformation 
theory," Transport and Communications Science Journal, vol. 74, no. 8, 
pp. 946–961, 2023, https://doi.org/10.47869/tcsj.74.8.8. 

[7] D. Wu, Y. Lei, Z. Wang, B. Yu, and D. Zhang, "Free Vibration Analysis 
of Carbon-Nanotube-Reinforced Beams Resting on a Viscoelastic 
Pasternak Foundation by the Nonlocal Eshelby–Mori–Tanaka Method," 
Mechanics of Composite Materials, vol. 59, no. 3, pp. 479–494, Jul. 
2023, https://doi.org/10.1007/s11029-023-10110-0. 

[8] T. D. Hien, N. D. Hung, N. T. Hiep, G. V. Tan, and N. V. Thuan, "Finite 
Element Analysis of a Continuous Sandwich Beam resting on Elastic 
Support and Subjected to Two Degree of Freedom Sprung Vehicles," 
Engineering, Technology & Applied Science Research, vol. 13, no. 2, pp. 
10310–10315, Apr. 2023, https://doi.org/10.48084/etasr.5464. 

[9] V. N. Burlayenko, R. Kouhia, and S. D. Dimitrova, "One-Dimensional 
vs. Three-Dimensional Models in Free Vibration Analysis of Axially 
Functionally Graded Beams with Non-Uniform Cross-Sections," 
Mechanics of Composite Materials, vol. 60, no. 1, pp. 83–102, Mar. 
2024, https://doi.org/10.1007/s11029-024-10176-4. 

[10] H. T. Duy, N. D. Diem, G. V. Tan, V. V. Hiep, and N. V. Thuan, 
"Stochastic Higher-order Finite Element Model for the Free Vibration of 
a Continuous Beam resting on Elastic Support with Uncertain Elastic 
Modulus," Engineering, Technology & Applied Science Research, vol. 
13, no. 1, pp. 9985–9990, Feb. 2023, https://doi.org/10.48084/ 
etasr.5456. 

[11] M. Ali, M. E. Dandachy, and A. M. Ellakany, "Dynamic response of 
Steel-Concrete Beams with Partial Interaction due to moving loads," 
Revista Ciencia y Construccion, vol. 4, no. 4, pp. 6–22, Dec. 2023. 

[12] H. Zhang, W. Qin, Z. Zhou, P. Zhu, and W. Du, "Piezomagnetoelastic 
energy harvesting from bridge vibrations using bi-stable characteristics," 
Energy, vol. 263, Jan. 2023, Art. no. 125859, https://doi.org/10.1016/ 
j.energy.2022.125859. 

[13] I. V. Andrianov, A. A. Kolpakov, and L. Faella, "Asymptotic Model of a 
Piezoelectric Composite Beam," Journal of Applied Mechanics and 
Technical Physics, Jun. 2024, https://doi.org/10.1134/ 
S0021894424020160. 

[14] I. Dehghan Hamani, R. Tikani, H. Assadi, and S. Ziaei-Rad, "Energy 
harvesting from moving harmonic and moving continuous mass 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time(s)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0 0.1 0.2 0.3 0.4 0.5 0.6

Time(s)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

P
o

w
e

r 
(m

W
)

A
v
e

ra
g

e
 h

a
rv

e
s
te

d
 p

o
w

e
r(

m
W

)



Engineering, Technology & Applied Science Research Vol. 14, No. 5, 2024, 16778-16783 16783  
 

www.etasr.com Dan et al.: An Analytical Solution of Piezoelectric Energy Harvesting from Vibrations in Steel-Concrete … 

 

traversing on a simply supported beam," Measurement, vol. 150, Jan. 
2020, Art. no. 107080, https://doi.org/10.1016/j.measurement.2019. 
107080. 

[15] W. Du, Z. Xiang, and X. Qiu, "Stochastic analysis of an acoustic black 
hole piezoelectric energy harvester under Gaussian white noise 
excitation," Applied Mathematical Modelling, vol. 131, pp. 22–32, Jul. 
2024, https://doi.org/10.1016/j.apm.2024.04.015. 

[16] A. Dasdemir, "A Modal Analysis of Forced Vibration of a Piezoelectric 
Plate with Initial Stress by the Finite-Element Simulation," Mechanics of 
Composite Materials, vol. 58, no. 1, pp. 69–80, Mar. 2022, 
https://doi.org/10.1007/s11029-022-10012-7. 

[17] R. Regupathi and C. Jayaguru, "Damage Evaluation of Reinforced 
Concrete structures at lap splices of tensional steel bars using Bonded 
Piezoelectric Transducers," Latin American Journal of Solids and 
Structures, vol. 19, May 2022, Art. no. e443, https://doi.org/ 
10.1590/1679-78257069. 

[18] C. Adoukatl, G. E. Ntamack, and L. Azrar, "High order analysis of a 
nonlinear piezoelectric energy harvesting of a piezo patched cantilever 
beam under parametric and direct excitations," Mechanics of Advanced 
Materials and Structures, vol. 30, no. 23, pp. 4835–4861, Dec. 2023, 
https://doi.org/10.1080/15376494.2022.2107251. 

[19] A. Erturk and D. J. Inman, Piezoelectric Energy Harvesting. New York, 
NY, USA: Wiley, 2011. 

[20] A. Erturk, "Piezoelectric energy harvesting for civil infrastructure 
system applications: Moving loads and surface strain fluctuations," 
Journal of Intelligent Material Systems and Structures, vol. 22, no. 17, 
pp. 1959–1973, Nov. 2011, https://doi.org/10.1177/1045389X11420593. 


